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Abstract— This paper introduces a smooth control algorithm for controlling fully actuated distributed manipulation
systems that operate by frictional contact. The control
law scales linearly with the number of actuators and is
simple to implement. Moreover, we prove that control law
has desirable robustness properties in the presence of the
nonsmooth mechanics inherent in distributed manipulation
systems that rely upon frictional contact. This algorithm has
been implemented on an experimental distributed manipulation test-bed, whose structure is briefly reviewed. The
experimental results confirm the validity and performance
of the algorithm.

manipulation systems. In this paper we show that while
the governing equations can often be nonsmooth, in the
special case of full actuation (whose definition is given
shortly) there exists a smooth solution to the control design
problem. Moreover, we prove that this solution is robust
and stable in the presence of the non-smooth governing mechanics. We have implemented this algorithm on
an experimental system that is described more fully in
Section IV (and shown schematically in Figure 1. The
excellent performance of the experimental implementation
confirms our theoretical predictions.

I. I NTRODUCTION
A distributed manipulation system typically consists of
a large number of similar or identical actuators arranged in
a planar array, combined with a control strategy to create
net movement of an object or objects placed on the array.
Many distributed manipulation systems are designed to
allow precise positioning of planar objects from arbitrary
initial configurations. With this capability, a distributed
manipulator is a “smart conveyor” that can be used for
separating parts and precisely positioning them for the
purpose of assembly operations. Distributed manipulation
systems offer potential for micro-assembly using MEMS
technology [20]. Distributed manipulator actuation methods ranges from air jets and wheels on the macroscale,
to microelectromechanical systems (MEMS) and flexible
cilia at the microscale.
These machines are typically relatively easy to build,
but the systematic control of such devices can be quite
difficult, leading to a recent increase in the study of
distributed manipulation control systems [2, 8, 9, 10,
13, 19, 20]. Distributed manipulation systems are in a
sense massively over-actuated. They can potentially have
thousands of inputs (though only a subset of the actuators
typically influence the moving object at any given instant),
while the output consists of the states of the manipulated
object. For good general references on distributed manipulation, see [4, 6, 11].
This paper addresses the issue of control system design
for a class of planar distributed manipulation systems
whose physical operation involves rolling and sliding contacts between the moving object and the actuator surfaces.
As reviewed in Section II, the governing equations of such
systems are generally non-smooth [14]. In general, one
needs to use discontinuous control laws to stabilize such
systems. In prior work [16, 17, 15], we introduced nonsmooth control laws for stabilizing this class of distributed
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DISTRIBUTED MANIPULATION EXPERIMENT

This paper has the following structure. Section II reviews relevant background on distributed manipulation
mechanics and control. Section III considers the case of
“full actuation”- when all the actuators can be steered and
driven. It gives an extremely simple, scale-able algorithm
that is provably globally exponentially stabilizing, thus
showing that it is highly desirable to have a fully actuated
distributed manipulator.
Section IV summarizes experimental results obtained
when this algorithm is implemented on the prototype
system that is summarized in Section sec-our-experiment.
A companion paper [18] describes this prototype test-bed
in more detail, and summarizes experiments that validate
our previously proposed non-smooth algorithms [15, 17]
for the non-fully-actuated case.
II. BACKGROUND
The commonly used programmable force field (PFF)
approach [3, 7] for distributed manipulator control is
based on a continuous “force field” abstraction which
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P ROGRAMMABLE FORCE FIELD

assumes that at each point on the manipulation surface
one can specify the manipulation force at that point (see
Figure II for an example of a continuous sink and an
elliptical object). The dynamics of the moving object
are obtained by integrating the continuous force field to
get a total force on the part. To use the controls on
an actual array, where the manipulation forces will be
generated at discrete points, one must adapt the continuous
approximation to the geometry of a given discrete array.
For a good reference, see [5].
A. Nonsmooth modeling
When only a small number of actuators are in contact
with the object being manipulated (i.e., the continuous
actuation approximation is poor) or the coefficient of
friction µ is very high, the continuous approximation has
been shown experimentally not to work as well (see Luntz
et al. [12]). In these cases, the continuous approximation
does not adequately incorporate the physics of the actual
array and the object/array interface.
These experimental observations previously led us to
investigate the nonsmooth properties that arise due to
frictional stick/slip phenomena at the interface between
the actuation surfaces and the manipulated object [16].
We showed that under very simple and general assumptions on the friction model, the PFF approach leads to
unstable systems when implemented on actual distributed
manipulation arrays that have frictional contacts. In Ref.
[15, 17] we presented local and global nonsmooth control
algorithms that fix this instability problem. These controls
are particularly relevant to the case where the distributed
manipulation system is not fully actuated. In the case of
Figure 1, this situation corresponds to not allowing the
actuating wheels to be steered. The implementation of
the result presented here is very simple by comparison,
and moreover leads to very easy implementation, but is
only appropriate to fully actuated systems (i.e, when the
actuating wheels in the example of Fig. 1 are steerable).
We now give an overview of the modeling methodology
we use. These results are needed as part of the proof of
robustness and stability in Section III. The rationale behind
this modeling technique is discussed in [14, 16]. Let q
denote the configuration of the distributed manipulator
system. The configuration q includes the object’s position

and orientation, as well as the variables that describe
the state of each actuator. The relative motion of each
contact between the part and an actuator array element
can be modeled in the form ω(q)q̇. If ω(q)q̇ = 0, the
contact is not slipping (i.e., that contact is a nonholonomic
constraint), while if ω(q)q̇ �= 0, then ω(q)q̇ describes
the slipping velocity. In general, the moving part will
be in contact with the actuator array at many points.
From kinematic considerations, one or more of the contact
points must be in a slipping state, thereby dissipating
energy. The power dissipation function measures the part’s
total energy dissipation due to contact slippage.
Definition II.1. The Dissipation or Friction Functional
for an n-contact state is defined to be
n
�
D=
µi Ni | ωi (q)q̇ |
(II.1)
i=1

where µi and Ni are the Coulomb friction coefficient and
normal force at the ith contact, which are assumed known.
Since there will generally not exist a motion where all of
the contacts can be simultaneously slipless (although our
current interest will be those cases when such a condition
exists), we are lead to the following concept for finding
the governing equations.
Power Dissipation Principle: With q̇ small, a part’s
motion at any given instant is the one that minimizes
D.
The power dissipation method assumes that the part’s
motion at each instant is the one that instantaneously
minimizes power dissipation due to contact slippage. This
method is adapted from the work of [1] on wheeled
vehicles. In [14], we showed that the power dissipation
approach generically leads to multiple model systems
defined next.

Definition II.2. A control system Σ is said to be a
multiple model driftless affine system (MMDA) if it can
be expressed in the form
Σ:
q̇ = f1 (q)u1 + f2 (q)u2 + · · · + fm (q)um (II.2)
where for any q and t, fi ∈ {gαi |αi ∈ Ii }, with Ii an index
set, gαi analytic in (q, t) for all αi , and the controls ui ∈
R piecewise constant and bounded for all i. Moreover,
letting σi denote the “switching signals” associated with
fi (which will be referred to as “MMDA maps”),
σi : Q × R
(q, t)

−→
−→

N
αi

then the σi are measurable in (q, t).
An MMDA system is a driftless affine nonlinear control
system where each control vector fields may “switch” back
and forth between different elements of a finite set. The
σi which regulate this switching may not be known, so
we have no guarantees about the nature of the switching
except that it is, by assumption, measurable. In the case of
distributed manipulation, this switching corresponds to the
switching among different contact states (i.e., different sets

of slipping contacts) due to variations in contact geometry
and surface friction properties. Practically, the switching
in contact states can not be predicted in advance, and it
is very difficult to measure in practice.
In the case of an n actuator array, we will have 2n
potential constraints ω i (q). The minimum of D is precisely the choice of q̇ that annihilates the three constraints
with the most dissipation. These, of course, will change
over time because µi and Ni depend implicitly on the
configuration, q ∈ Q. For our purposes, all
� we
� need to
2n
know is that an n actuator system will have
possible
3
models. Note also that each of these models depends
smoothly on the inputs uk . This will be important in
Theorem III.1 when we prove that the proposed control
design is robust with respect to switching between models
due to actuator uncertainties.

where R(θ) ∈ SO(2) describes the relative orientation of
frame b with respect to frame a, and xab and yab are the
translations going from frame a to frame b. The relative
velocity Vbody = (ẋbody , ẏbody , θ̇body ) of a point above
actuator Aij on the body is:
AdgW Aij q̇
where in SE(2) the Adjoint operator Adg is defined by

�
� 
yab
R(θ)
.
−xab
Adg = 
0
1

We adopt the following control Lyapunov approach to
the control design. Suppose we are given a Lyapunov
function on SE(2), denoted by V (·), and define target
dynamics of the form:
q̇ = −

III. M AIN R ESULT
This section describes in detail how a globally stabilizing smooth controller can be constructed. This approach
requires that the distributed manipulator be fully actuated
- i.e., at each actuator location the actuator can be oriented
in any direction, and produce a velocity in that direction
of arbitrary magnitude. The former is the important part
while the latter can be made more realistic by using
saturation functions.

g WA

A 23

A 33

13

A 12

A 22

A 11

A 21

This system is trivially exponentially stable. The velocity
q̇ is mapped to the actuators in order to obtain a feedback
law.
We continue with a particular choice of Lyapunov
function: V (x, y, θ) = k1 x2 + k2 y 2 + k3 θ2 for ki > 0.
The Adjoint operator mapping velocities from W to the
Aij when the actuator frames are oriented parallel to the
world frame is:

�
� 
yj
Id

−xi
AdgW Aij = 
0
1

where Id is the identity. Transforming the velocity into the
actuator frame yields AdgW Aij · (− ∂V∂q(q) ). Substituting in

B
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∂V (q)
.
∂q
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∂V (q)
∂q ,

A 31
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R IGID BODY VELOCITIES

Consider Figure 3, which depicts an abstraction of a
9 cell experimental system (Section IV). Let W denote
a fixed reference frame, let B denote a frame rigidly
attached to the moving object, and let Aij denote an
“actuator frame” fixed at the point of contact between the
actuator located at (xi , yj ) and the object. This last frame
has a fixed orientation with respect to W . Let the rigid
body transformation from W to B be denoted by gW B
and the rigid body transformation form the W to Aij be
denoted by gW Aij . Recall that the gab are defined by

�
� 
xab
R(θ)

yab
gab = 
0
1

the actuator velocities should be


k3 yi (θ − θd ) − k1 (x − xd )
 −k3 xi (θ − θd ) − k2 (y − yd ) 
−k3 θ

where xd , yd , θd are the desired values and x, y, θ are the
state feedback values. To transform this into wheel velocities and wheel orientations for the particular example
found here, calculate the magnitude and direction of the
(x, y) velocity. This gives for each actuator:
�
�
−k3 xi (θ − θd ) − k2 (y − yd )
θij = tan−1
(III.1)
k3 yi (θ − θd ) − k1 (x − xd )
and

�

(−k3 xi (θ − θd ) − k2 (y − yd ))2
+(k3 yi (θ − θd ) − k1 (x − xd ))2
(III.2)
where θij is the orientation of the (i, j) actuator and
vij is the wheel velocity of that actuator. So, given all
the actuator locations, one computes Equations (III.1) and
(III.2) for each actuator, and the feedback law is complete.
Now we consider the robustness of this feedback law
with respect to the multiple model system that arises if
the actuators are not all perfectly aligned. In particular, if
vij =

we consider the controls obtained above to be the desired
controls ukd and what we actually obtain are uk , then
we get slightly different dynamics. This brings us to the
following theorem.
Theorem III.1. There exists δ > 0 such that if for
t > T we have |uk (t) − ukd (t)| < δ ∀ k for some T ,
then the solutions to the MMDA system predicted by the
PDM are exponentially stable using the controls from
Equations (III.1) and (III.2).
Proof: First, we know that for the choice of controls ukd
we have
∂V
q̇ < 0.
V̇ =
∂q
Therefore, in a sufficiently small neighborhood of q̇ ∈
Tq Q (denoted by B(q̇, �) ⊂ Tq Q) we have
V̇ =

∂V
q̇� < 0 ∀ q̇� ∈ B(q, �).
∂q

(This is a simple consequence of the continuity of the
expression V̇ along a continuous path between q̇ and any
other element of Tq Q.)
Now, a sufficient condition for stability of a multiple
model system is that all of the individual models not
only be individually stable, but additionally all satisfy
the same Lyapunov function (see [17]). We will use
this fact here, and show that for sufficiently small δ all
the multiple models will be in B(q̇, �), thereby ensuring
overall stability of the nonsmooth system.
For a given set of inputs uk we know that we have
a corresponding set of kinematic constraints ωi (q), and
that the PDM implies that a subset of these satisfying
ωi (q)q̇ = 0 will define the actual kinematics. In the case of
uk = ukd , we get precisely the desired dynamics. Because
these kinematic constraints ωi (q) depend continuously on
the inputs, for any choice of �� limiting how much we will
allow the ωi (q) to vary (and hence how much q̇ can vary),
we can always choose a δ such that |uk (t) − ukd (t)| <
δ accordingly. Therefore, we can always choose δ small
enough such that q̇ ∈ B(q̇d , �). This completes the proof.
�
This theorem implies that even if the actuators start
out in a kinematically incompatible state, as long as they
converge to within some δ of the desired actuator state,
the system will keep its stability properties. We should
also note that this can easily be extended to exponential
stability in a similar fashion.
Experimental results in Section IV illustrate that this
method works extremely well. However, in the case where
one does not have full actuation, one must ask if this
control law has any analogs. In general the answer is no,
see [17] for details.

Fig. 4
F RONT OF THE FADM S YSTEM

cell contains two actuators. One actuator orients the wheel
axis, while the other actuator drives the wheel rotation.
These cells can be repositioned easily into different configurations. The Fully Actuated Distributed Manipulation
(FADM) system shown in Figure 4 is configured with a
total of nine cells—though more can be easily added. For
more details on the experimental setup, please refer to the
companion paper [18].
We include an illustrative experimental1 result (found
in Figure 5). The goal of the experiment was point
stabilization from a random initial condition to the origin
(of SE(2)). We put the controlled object down in a
random initial configuration (in this case (x0 , y0 , θ0 ) =
(0.4 m, −0.4 m, 2.6 rad)) and initiated the experiment with
the actuators all in the same initial conditions of θ = 0
(relative to the world coordinate axes). The goal then was
to stabilize the object to a final position of (xf , yf , θf ) =
(0 m, 0 m, 0 rad). The actually achieved final position
was (xf , yf , θf ) = (0.01 m, 0.01 m, 0.05 rad). The figure
panels depict the x, y, and θ trajectories as functions of
time and a plot of the (x, y) trajectory in the plane for a
rectangular plexiglass object.

IV. E XPERIMENTAL R ESULTS

Notice that the translational stability of the origin is
maintained, while the rotational dynamics are stabilized
to θ = 0 due to the feedback law. The important point to
notice is the smoothness of the trajectory. This experiment
indicates that when a distributed array is fully actuated, the
feedback law in Equation (III.2) works extremely well.
More importantly it is computationally very simple, and
the number of computations scales linearly with the number of actuators. The feedback law has good disturbance
rejection properties, as can be seen by the fact that the
object is stabilized despite the fact that the actuator initial
conditions are not compatible with the desired motion,
hence verifying the result in Theorem III.1.

An experimental apparatus has been developed for
testing the results in this paper and in previous work by
the authors. A photograph can be seen in Figure 4. The
design is a modular one based on a basic cell design. Each

1 Movies of these and other experiments can be found at
http://www.cds.caltech.edu/∼murphey/experiment/.
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V. S UMMARY
The very simple algorithm presented in this paper
provides a different closed-loop approach to the control of
distributed manipulation systems. Prior work, particularly
the programmable vector field approach, has assumed that
all the distributed system’s actuators move sufficiently fast
that they slip all of the time. This causes significant stress
on both the object being manipulated and the actuators
themselves. In the case of fully actuated systems, it is
possible to ensure that all of the relevant actuators contact
the moving body without slip. This requires less energy
for a given motion and moreover induces smaller forces on
the object and actuators. This approach also raises many
additional questions. For instance, for a given problem
with nonsmooth mechanics, what is an analytical test to
guarantee that a smooth solution (like the one presented
here) exists? Is such a solution unique? Answers to these
questions are part of ongoing research.

[1] J.C. Alexander and J.H. Maddocks. On the kinematics of
wheeled vehicles. The International Journal of Robotics
Research, 8(5):15–27, October 1989.
[2] K. Bhattacharya and R.D. James. A theory of thin films of
martensitic materials with applications to microactuators.
J. Mech. Phys. Solids, 47:531–576, 1999.
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